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Motivations

Motivations of developing effective mortality models

I Modeling the changes and dynamics of mortality rates is critical to the
solvency of life insurers and social benefit programs

I Mortality is also one of the key factors in pricing and reserving of life
insurance and annuity products

I Failing in capturing the downward trends in mortality rates would
under-price/-reserve annuity products and then expose annuity providers
to the risk of financial insolvency
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Mortality rates

Mortality rates and sequences

I Three ways of expressing mortality rates
I Central death rate mx,t
I Death probability qx,t
I Force of mortality µx,t

I A period mortality sequence ux0,t0,n of length n starting at age x0 in year
t0 is defined as

ux0,t0,n = {ux0,t0 , ux0+1,t0 , . . . , ux0+n−1,t0}, u ∈ {m, q, µ}.

I A cohort mortality sequence uc
x0,t0,n of length n starting at age x0 in year

t0 is defined as

uc
x0,t0,n = {ux0,t0 , ux0+1,t0+1, . . . , ux0+n−1,t0+n−1}, u ∈ {m, q, µ}.
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Mortality rates

Mortality rate sequences

Figure: Illustration of qx0,t0,n, q
c
x0,t0+1,n and qc

x0,t0+m,n
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The models

The Lee-Carter model

ln(mx,t ) = ax + bx kt + εx,t

I ax and bx are the age-specific constants, x = x0, . . . , x0 + n − 1;
I kt is the time-varying index, t = t0 + 1, . . . , t0 + m;

I for each x , error terms εx,t
i.i.d∼ N (0, σ2

εx ), t = t0 + 1, . . . , t0 + m;
I two constraints:

∑
t kt = 0 and

∑
x bx = 1.

The parameters are estimated by SVD (singular value decomposition); or
alternatively,

I
∑

t kt = 0⇒ âx = 1
m

∑t0+m
t=t0+1 ln(mx,t ),

I
∑

x bx = 1⇒ k̂t =
∑x0+n−1

x=x0
[ln(mx,t )− âx ],

I b̂x can be computed by regressing [ln(mx,t )− âx ] on k̂t without the
constant term for each age x .
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The models

The CBD model

logit(qx,t ) = ln(
qx,t

1−qx,t
) = κ1

t + κ2
t (x − x̄) + εx,t

I x̄ = 1
n

∑x0+n−1
x=x0

x ;

I κ1
t and κ2

t are the time-varying parameters, t = t0 + 1, . . . , t0 + m, and
can be obtained by the least square method;

I for each x , error terms εx,t
i.i.d∼ N (0, σ2

εx ), t = t0 + 1, . . . , t0 + m.
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The models

Data area for the Lee-Carter and CBD models

Figure
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I data area: rectangle⇒ parallelogram
I m cohort mortality sequences qc

x0,t0+1,n, . . . , q
c
x0,t0+m,n are used to fit the

Lee-Carter and CBD models and estimate parameters.
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Deterministic

The Lee-Carter model

I Modelling the time factor kt with a random walk with drift process,
k̂t = k̂t−1 + c + et , where c is estimated by

ĉ =
1

m − 1

t0+m−1∑
t=t0+1

(k̂t+1 − k̂t ).

I The projected mx,t0+m+τ is obtained by

ln(m̂x,t0+m+τ ) = âx + b̂x × ˜̂kt0+m+τ ,

where
˜̂kt0+m+τ = k̂t0+m + τ × ĉ.
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Deterministic

The CBD model

I Assuming random walk with drift for κt , κ̂t = κ̂t−1 + c + V · Zt

I κ̂t = (κ̂1
t , κ̂

2
t )
′ and c = (c1, c2)

′;
I V is the variance-covariance matrix for κ;
I Zt is the two-dimension standard normal distribution.

I Similar to the Lee-Carter model, c is estimated as

ĉ =
1

m − 1

t0+m−1∑
t=t0+1

(κ̂t+1 − κ̂t ).

I The projected qx,t0+m+τ is obtained by

logit(q̂x,t0+m+τ ) = ˜̂κ1
t0+m+τ + ˜̂κ2

t0+m+τ (x − x̄),

where
˜̂κi

t0+m+τ = κ̂i
t0+m + τ × ĉi , i = 1, 2.
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Deterministic

A variation of the LLHT model

For any year t + t0, the LLHT model is expressed as follows:

ln(µc
x0,t0+t,n) = αt × ln(µx0,t0,n) + βt + εt .

Regressing ln(µc
x0,t0+t,n) on ln(µx0,t0,n) for each t = 1, . . . ,m yields

{(α̂t , β̂t ), t = 1, . . . ,m} where εt = {εx0,t , . . . , εx0+n−1,t}
i.i.d∼ N (0, σ2

εt ).

Under the constant force of mortality assumption,

qx,t = 1− e−
∫ 1

0 µx,t (s)ds = 1− e−µx,t

and
mx,t =

qx,t∫ 1
0 spx,tds

=
qx,t∫ 1

0 ps
x,tds

= − ln(px,t ) = µx,t .
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Deterministic

Mortality rate sequence

Figure: Fitting ln(µc
x0,t0+t,n) with ln(µx0,t0,n), t = 1 . . . ,m
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Deterministic

Figure: The fitted values β̂t for the UK males from regressing
ln(µc

45,1956,35), . . . , ln(µ
c
45,1975,35) on ln(µ45,1955,35)
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Deterministic

Figure: The fitted values α̂t for the UK males from regressing
ln(µc

45,1956,35), . . . , ln(µ
c
45,1975,35) on ln(µ45,1955,35)
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Deterministic

The LLHT-LR model

Assume that
α̂t = a× t + b + eα,t , t = 1, . . . ,m

and
β̂t = c × t + d + eβ,t , t = 1, . . . ,m.

I eγ,t , t = 1, . . . ,m, are error terms, and eγ,t
i.i.d∼ N (0, σ2

eγ ), γ = {α, β}.
I a, b, c and d are all constants and can be estimated by least square

error method

Future mortality rate can be predicted by

ln(µ̂c
x,t0+m+τ ) = ˜̂αm+τ × ln(µx,t0 ) + ˜̂βm+τ .

where ˜̂αm+τ = â× (m + τ) + b̂ and ˜̂βm+τ = ĉ × (m + τ) + d̂
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Deterministic

The LLHT-RW model

Assume that
α̂t = α̂t−1 + f + eα,t

and
β̂t = β̂t−1 + g + eβ,t .

I f and g are all constants, and is estimated as parameters by random
walk with drift,

I eγ,t , t = 1, . . . ,m are error terms, and eγ,t
i.i.d∼ N (0, σ2

eγ ), γ = {α, β}.
Future mortality rate can be predicted by

ln(µ̂c
x,t0+m+τ ) = ˜̂αm+τ × ln(µx,t0 ) + ˜̂βm+τ .
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Stochastic

The Lee-Carter model

The variance comes from two sources:
I et from kt

σ̂2
e =

1
m − 2

t0+m−1∑
t=t0+1

[k̂t+1 − k̂t − ĉ]2

I εx,t from the whole model, for each age x

σ̂2
εx =

1
m − 2

t0+m∑
t=t0+1

[ln(mx,t )− âx − b̂x × k̂t ]
2

The estimated variance of the projected ln(mx,t ) is obtained as follows,

σ̂2(ln(m̂x,t0+m+τ )) = b̂2
x × σ̂2

˜̂kt0+m+τ
+ σ̂2

εx = τ × b̂2
x × σ̂2

e + σ̂2
εx ,
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Stochastic

The CBD model

The variance comes from two sources:
I errors from κ

σ̂2
κ
(i)
t

=
1

m − 2

t0+m−1∑
t=t0+1

[κ̂
(i)
t+1 − κ̂

(i)
t − ĉ(i)]

2, i = {1, 2}

I εx,t from the whole model, for each age x

σ̂2
εx =

1
m − 2

t0+m∑
t=t0+1

[logit(qx,t )− κ̂1
t − κ̂2

t × (x − x̄)]2

The variance of the projected logit(qx,t ) is obtained as follows,

σ2(logit(q̂x,t )) = τ × σ2
κ1

t
+ τ × σ2

κ2
t
× (x − x̄)2 + σ2

εx .
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Stochastic

The LLHT-based models

I The variance comes from two sources:
I εx,t , the error term from the whole model
I errors from estimated intercept and slope parameters

I For εx,t ,
I at first we assume for each t εx,t

i.i.d∼ N (0, σ2
εt
), x = x0, . . . , x0 + n − 1.

I From empirical data, σ2
εt

does not increase in t , so we assume

εx,t
i.i.d∼ N (0, σ2

ε), x = x0, . . . , x0 + n − 1, t = t0 + 1, . . . , t0 + m.
I σ̂2

ε can be estimated by

σ̂2
ε =

∑m
t=1 σ̂

2
εt

m
=

∑m
t=1

∑n
k=1(ln(µx0+k−1,t0+t )− α̂t × ln(µx0+k−1,t0 )− β̂t )

2

m × (n − 2)
.
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Stochastic

Figure: Q-Q plots of all fitted errors by regressing ln(µc
1956,45,35), . . . , ln(µ

c
1960,45,35) on

ln(µ1955,45,35) for the USA population
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Stochastic

The LLHT-LR/LLHT-RW models
For the LLHT-LR model, the estimate of standard deviation of the predicted
coefficients is obtained by

σ̂(γ̂m+τ ) = σ̂eγ

√
1 +

1
m

+
(m + τ − t̄)2∑m

t=1(t − t̄)2
, γ ∈ {α, β}

where σ̂2
eα and σ̂2

eβ are obtained from the residules.
For the LLHT-RW model, the estimates of variance of the predicted
coefficient are

σ̂2(α̂m+τ ) = σ̂2
eα × τ, σ̂2(β̂m+τ ) = σ̂2

eβ × τ,

where

σ̂2
eα =

1
m − 2

m−1∑
t=1

[α̂t+1 − α̂t − f̂ ]2, σ̂2
eβ =

1
m − 2

m−1∑
t=1

[β̂t+1 − β̂t − ĝ]2.

Combining the two sources of variances, the total variance is

σ̂2(ln(µ̂c
x,t0+m+τ )) = σ̂2(α̂m+τ )× [ln(µx,t0 )]2 + σ̂2(β̂m+τ ) + σ̂2

ε .
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Data for illustration

I For the Lee-Carter and CBD models, 5 cohort mortality sequences
qc

x0,1956,35, . . ., qc
x0,1960,35 are used for fitting.

I For the LLHT models, the period mortality sequence qx0,1955,35 is used to
fit the 5 cohort mortality sequences qc

x0,1956,35, . . ., qc
x0,1960,35, respectively.

I The 15 cohort mortality sequences qc
x0,1961,35, . . ., qc

x0,1975,35 are
predicted for all models.

I The USA, the UK and Japan population are selected from Human
Mortality Database with x0 ∈ [40, 50].
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Accuracy of projection

Errors for evaluating accuracy of projection

The MAEt (mean absolute error), RMSEt (root mean square error) and
MAPEt (mean absolute percentage error) for qc

x0,t,n over the age span
[x0, x0 + n − 1] in year t are given by

MAEt =
1
n

n∑
k=1

|q̂x0+k−1,t+k−1 − qx0+k−1,t+k−1|,

RMSEt =

√√√√1
n

n∑
k=1

[q̂x0+k−1,t+k−1 − qx0+k−1,t+k−1]2

and

MAPEt =
1
n

n∑
k=1

∣∣∣∣ q̂x0+k−1,t+k−1 − qx0+k−1,t+k−1

qx0+k−1,t+k−1

∣∣∣∣×100%.
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Accuracy of projection

The overall MAE , RMSE and MAPE over [x0, x0 + n − 1] and
[t0 + m + 1, t0 + m + M] are calculated for comparison.

MAE [x0,x0+n−1]
[t0+m+1,t0+m+M] =

1
M

t0+m+M∑
t=t0+m+1

MAEt ,

RMSE [x0,x0+n−1]
[t0+m+1,t0+m+M] =

1
M

t0+m+M∑
t=t0+m+1

RMSEt

and

MAPE [x0,x0+n−1]
[t0+m+1,t0+m+M] =

1
M

t0+m+M∑
t=t0+m+1

MAPEt .
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Accuracy of projection

Figure: Projected errors MAE against x0 for the UK males
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Accuracy of projection

Figure: Projected errors RMSE against x0 for the UK males
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Accuracy of projection

Figure: Projected errors MAPE against x0 for the UK males
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Accuracy of projection

Table: Overall average projection errors over 11 age groups

error method USA M USA F UK M UK F JAP M JAP F Average

MAE
LC 18.93 8.98 23.79 13.62 17.57 7.57 15.08

CBD 13.97 10.44 24.51 10.83 18.81 10.74 14.88
LR 13.97 8.14 18.58 10.23 19.76 8.21 13.15
RW 14.27 8.42 21.34 11.89 19.63 8.24 13.97

RMSE
LC 24.87 12.13 33.51 19.29 23.82 10.78 20.73

CBD 17.69 17.13 36.71 14.82 27.98 17.85 22.03
LR 18.10 13.42 27.43 14.94 30.51 13.98 19.73
RW 18.31 13.44 30.67 16.90 30.27 13.98 20.59

MAPE
LC 8.47 7.22 10.37 10.38 9.78 8.27 9.08

CBD 6.28 6.52 10.22 8.54 9.10 8.98 8.27
LR 6.15 5.42 7.24 7.36 9.30 6.65 7.02
RW 6.34 5.69 9.13 9.17 9.13 6.63 7.68

Note that RMSE and MAE are scaled to (×10−4) and MAPE is a percentage.

Here, the overall average error is defined as E = 1
11

∑50
x0=40 E [x0,x0+n−1]

[t0+m+1,t0+m+M],
E ∈ {MAE ,RMSE ,MAPE}.
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Confidence interval

Figure: 95% confidence intervals on qc
45,1975,35 for the USA males
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Confidence interval

Figure: 95% confidence intervals on qc
45,1975,35 for the USA females
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Confidence interval

Figure: 95% confidence intervals on qc
45,1975,35 for the UK males
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Confidence interval

Figure: 95% confidence intervals on qc
45,1975,35 for the UK females
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Confidence interval

Figure: 95% confidence intervals on qc
45,1975,35 for the Japan males
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Confidence interval

Figure: 95% confidence intervals on qc
45,1975,35 for the Japan females
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Errors in pricing

Errors in pricing

I A1
x0:n

, äx0:n and P1
x0:n

are calculated based on the real and predicted
qc

x0,t,35 for x0 ∈ [40, 50] and t ∈ [1961, 1975].
I For each x0 and t , the relative error is

X̂x0:n

Xx0:n
− 1,X = {A1, ä,P1}.

I For each year t , the average relative error of each year t over all x0s (11
age groups) are calculated.

I a poorer forecast on a cohort mortality sequence does not necessarily
lead to a higher relative error on premium since
npx0,t = px0,t · · · px0+n−1,t+n−1.

Variations of the LLHT for modelling cohort mortality rates Simon Fraser University
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Errors in pricing

Figure: Average relative errors on A1
x0:35

for the USA males
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Errors in pricing

Figure: Average relative errors on äx0:35 for the USA males
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Errors in pricing

Figure: Average relative errors on P1
x0:35

for the USA males
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Errors in pricing

Thank you!

Variations of the LLHT for modelling cohort mortality rates Simon Fraser University
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