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Motivations

Motivations of developing effective mortality models

» Modeling the changes and dynamics of mortality rates is critical to the
solvency of life insurers and social benefit programs

» Mortality is also one of the key factors in pricing and reserving of life
insurance and annuity products

» Failing in capturing the downward trends in mortality rates would

under-price/-reserve annuity products and then expose annuity providers
to the risk of financial insolvency
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Mortality rates and sequences
» Three ways of expressing mortality rates
» Central death rate my

> Death probability gy,
> Force of mortality iy, ¢

> A period mortality sequence uy,,,,n Of length n starting at age xo in year
to is defined as

Uxg,tg,n = {Uxo,to, Uxg+1,155 -+ + 5 Ux0+n—1,t0}7 uec {m, q, H}~
fo is defined as

» A cohort mortality sequence ug, ;, , of length n starting at age xo in year

(o]
Usy ig,n = LUt Ug 11,09 +15 -+ Ugrn—1.t4n—1}, U € {M, q, u}.
0,10
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Mortality rates

Mortality rate sequences

Figure: lllustration of gy, ¢ ,n, qfo and q)fo
, ;

fo+1,n to+m,n

AgelYear to to+1 - to+m tog+m+1 - to+n o tptm+n—1

X0 xote  Axote+l " Axgto+m

Xo+1  |Qxge1t,
Xo+2 Axo+2,ty

Xo+n—1,t, Xo+n—1,tp+n Xo+n—1,tp+m+n—
Xotn—1 qy | Ax, . Qxo+n-1.ty 1
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The models

The Lee-Carter model

In(myt) = ax + bxki + ex,t
» ax and by are the age-specific constants, x = xo,..., X +n—1;
> k; is the time-varying index, t =t +1,..., % + m;
» for each x, error terms ex ¢ AN (O,afx), t=tH+1,....,00+m;
» two constraints: >, ks =0and >, by = 1.

The parameters are estimated by SVD (singular value decomposition); or
alternatively,

> Yk =02 8= LS8 In(my),

b b= 1= k= 0 In(my) — &,

» by can be computed by regressing [In(myx.¢) — &] on k: without the
constant term for each age x.

I
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> X =

Xo+n— 1
X=Xg
> k!

logit(qx, t) = /n(1q“ ) = ki + K2(X — X) + ext

Kt and 2 are the time-varying parameters, t = t, + 1
can be obtained by the least square method

= b + m, and
for each x, error terms €1 '~ N (0,0F,), t=1t+1

S+ m.
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I
Data area for the Lee-Carter and CBD models

:
Figure

xo ton

» data area: rectangle = parallelogram

» m cohort mortality sequences gy ; .1 n»
Lee-Carter and CBD models and estimate parameters.
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The Lee-Carter model

» Modelling the time factor k: with a random walk with drift process,
ki = ki—1 + c + et, where c is estimated by

1 fo+m—1
& = m Z (k[+1 - kr)

t=ty+1
» The projected my ,+m+- is Obtained by

where

IN(Mx,tg+mer) = 8x + bx X Kgrmars

k[0+m+7— = kt0+m + 7 X C.
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» Assuming random walk with drift for x¢, &t = -1 +Cc+ V - Z
> &= (#],#2) and c = (c1, @)";

» V is the variance-covariance matrix for «;

> Z; is the two-dimension standard normal distribution.
» Similar to the Lee-Carter model, ¢ is estimated as

fo-+m—1

> (Reyr — &)
t=ty+1
» The projected gx,1,+m+~ iS Obtained by

o 1
T m-—1

o 21 %2 <
logit(@x,t+m+r) = Rigamer + Rigamer (X — X),
where

Xi Al

K’Io+m+'r = Kt0+m +7 X Ci, = 172

F
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A variation of the LLHT model
For any year t + ty, the LLHT model is expressed as follows:

IN(15,t0+1,n) = t X IN(axg 10,0) + Be + €.
Regressing In(u5 1 +1,n) ON IN(1ix,1,0) for each t = 1,..., myields
{(&r, Br), t =1,...,m} where ¢; = {ex.,

g
yExgtn—1,t} RS N (

07 O—g()

Under the constant force of mortality assumption,
and

_ 1
qX,t — 1 —e fo /'IX,I(S)d
,t
mx,t KL

1 _ e_llfx,t

_ — qx,t
Jo sPxids [ p3.ds

= —In(px,t) = pxt-
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Deterministic

Mortality rate sequence

Figure: Fitting In(ﬂf(o,,oﬂ’n) with In(pxg,t5,n), t=1...,m

AgelYear to to+1 - to+m tog+m+1 - to+n o tptm+n—1

Xo Axoto  Axpto+1l " Axptotm

Xo+1  |Qxge1t,
X +2 Axo+2,t0

Xo+tn—1 Geiin-1t, xo+n—1,to+n Gxp+n—1,tp+m+n-1

=] 5 = = E DA
|

Variations of the LLHT for modelling cohort mortality rates Simon Fraser University




R

Introduction Models and assumptions Mortality projection Numerical results
[e] [e]e] 0000@000 000000
000 00000 000000
00000

Deterministic

Figure: The fitted values 3; for the UK males from regressing
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Deterministic

Figure: The fitted values &; for the UK males from regressing

In(/»"251195635): ceey m(ﬂ2571975735) on ln(ﬂ45,1955,35)
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The LLHT-LR model
Assume that
and

ar=axt+b+es,t=1,....m

B,:cxt+d+65,,,t:1,...,m

» e, t=1,....m, are error terms, and e, "%’ N (0,03,), 7 = {a, B8}
error method

» a, b, cand d are all constants and can be estimated by least square
Future mortality rate can be predicted by

In(A5 o4 mir) = &mir X N(pix ) + B r-
where &mir = ax (M+7) +band fmpr = & x (m+7)+d
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The LLHT-RW model
Assume that
and

Gt =b&t—1+ T+ eat

Bt = Bt—1 + g+ est
walk with drift,

» fand g are all constants, and is estimated as parameters by random
> ey, t=1,...,mare error terms, and e, ; "IN (0, agw), v =A{a,B}.
Future mortality rate can be predicted by

In(ﬁg,tﬁmw) = Bmir X IN(px,) + Brir.
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Stochastic
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The Lee-Carter model
The variance comes from two sources:
> ¢ from k;
1 to+m—1
A2 T kA2
b= "% Z [Kty1 — ke — €]
t=ty+1
> ex,t from the whole model, for each age x
1 to+m
A2 P A 12
O'GX = m Z [In(me) — ax — bx X kt]
t=tp+1
The estimated variance of the projected In(mx,) is obtained as follows,
A2 A ~n2 A2 A2 e A2 A2
6(In(Mx,ty+mer)) = by X 6% + 6, =7 x by X 6 + 6%,
Kig+m++ x X
=] F = E DA
;
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The CBD model
The variance comes from two sources
» errors from k
fo-+m—1
~2 A A(i) A 12 5
G = Z (R, — &) —ep i = {1,2}
t=ty+1
> ex,t from the whole model, for each age x
to+m
a2
Sex = _ > Z [logit(qx.) — /i — &% x (x — X)]?
t=ty+1

The variance of the projected logit(gx,:) is obtained as follows

(logit(gx,t)) = 7 x ai; +7 X 0% X (X = X)? + 02,
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The LLHT-based models

» The variance comes from two sources:

> ey t, the error term from the whole model
> errors from estimated intercept and slope parameters
» For €x,ty
' j.i.d
> atfirst we assume for each t ex,; "~* N (0,02,),x = Xo,..., X +n—1.

From empirical data, aft does not increase in t, so we assume
ii.d
€x,t ~ N (0703)7)( = X0, -
> 42 can be estimated by
m A2 m n ~ AYA
52 — 2ot Oet 2ot 2ok IN(psgk—1,+1) — Gt X IN(pixgk—1,4) = Bt)
€ m mx (n—2) )

L Xo+n—1t=k+1,...;00+m

E DA
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Stochastic

Figure: Q-Q plots of all fitted errors by regressing In(11$gs6 45 35)5 - - - » N(15560 45.35) ON
/n(,ll,1g55,45,35) for the USA population
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The LLHT-LR/LLHT-RW models
For the LLHT-LR model, the estimate of standard deviation of the predicted
coefficients is obtained by

:

PR R m+71—1

U(’Yer'r) = Oe, \/1 + =+ ( T
where 6 oe and &

t)?

.y € {o, B}
m (1)
are obtained from the residules.

For the LLHT- RW model, the estimates of variance of the predicted
coefficient are

A2/ A A2 2,5 A2
8°(myr) = 6, X T, (Bmir) = Gep X T,
where
m—1
2 1
8e, =

~ ~ 7 A2 bl
5 D A a1, 6, =
t=1
Combining the two sources of variances, the total variance is
6‘2 ~C

5 > 1Bt — B — &
=1

6-2(Bm+7') + o
=] F

PANG
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Data for illustration
>

o}
Qxy,1956,35

For the Lee-Carter and CBD models, 5 cohort mortality sequences
-» G, 1960,35 are used for fitting.

For the LLHT models, the period mortality sequence qy,,1955,35 is used to

fit the 5 cohort mortality sequences gy 1956 35

The 15 cohort mortality sequences gy, 1961,355
predicted for all models.

>

. q§071960735, respectively.
- q)fo,1975,35 are
The USA, the UK and Japan population are selected from Human
Mortality Database with xo € [40, 50].
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Errors for evaluating accuracy of projection
The MAE; (mean absolute error), RMSE; (root mean square error) and

MAPE; (mean absolute percentage error) for g5, ; , over the age span
[X0, Xo + n— 1] in year t are given by
MAE; =
k=1

n
1 N
= Z |Gxo-+k—1,t4k—1 — Qxg+k—1,t+k—1],
RMSE; =

and

k=1

n
1 ~ 5
= E [Gxo+k—1,t4k—1 — Qxgrk—1,t+k—1]

1 n
MAPE; = —

n 2

k=1

Qugrk—1,t+k—1 — Qgrk—1,t+k—1
0 0 x100%.
Qxy+k—1,t+k—1
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1 fo+m+M
to+m1.f+meM g

> MAE,
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Accuracy of projection
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The overall MAE, RMSE and MAPE over [xo, Xo + n — 1] and
[to + m+ 1, + m+ M] are calculated for comparison.

RMSE,

[x0,%0+n—1]

1 to+m+M
lo+m+1,tg+m+M — g Z RMSE;
t=to+m+1
and
1 fo-+m+M
[X0,X0+n—1] _
MAPE[foo+n?+1,to+m+M] - M Z MAPE:.
t=ty+m+1
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Accuracy of projection

Figure: Projected errors MAE against xq for the UK males
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Accuracy of projection

Figure: Projected errors RMSE against xq for the UK males
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Accuracy of projection

Figure: Projected errors MAPE against xp for the UK males
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Accuracy of projection

Table: Overall average projection errors over 11 age groups

error [ method [ USAM[USAF[UKM] UKF [JAP M| JAP F [ Average
LC 18.93| 8.9823.79|13.62| 17.57| 7.57 15.08
MAE | CBD 13.97 | 10.44 |24.51|10.83 | 18.81| 10.74 14.88
LR 13.97| 8.14|18.58|10.23 | 19.76 | 8.21 13.15
RW 1427 | 8.42|21.34|11.89| 19.63| 8.24 13.97
LC 24.87| 12.13|33.51[19.29 | 23.82| 10.78 20.73
RMSE | CBD 17.69| 17.13|36.71 | 14.82 | 27.98 | 17.85 22.03
LR 18.10 | 13.42|27.43|14.94 | 30.51 | 13.98 19.73
RW 18.31| 13.44|30.67 | 16.90 | 30.27 | 13.98 20.59
LC 847 | 7.22(10.37(10.38| 9.78| 8.27 9.08
MAPE | CBD 6.28| 6.52|10.22| 8.54| 9.10| 8.98 8.27
LR 6.15| 542| 724| 7.36| 9.30| 6.65 7.02
RW 6.34| 569| 9.13| 9.17| 9.13| 6.63 7.68

Note that RMSE and MAE are scaled to (><10_4) and MAPE is a percentage.

Here, the overall average error is defined as E = % >

E € {MAE, RMSE, MAPE}.

50 E[X07X0+"*1]
[to+m+1,tg+m+M]?

Xp=40
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Confidence interval

Figure: 95% confidence intervals on gy 1475 35 for the USA males
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Confidence interval

Figure: 95% confidence intervals on ggs ;475 45 for the USA females
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Figure: 95% confidence intervals on gg; 1475 55 for the UK males
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Figure: 95% confidence intervals on qg; ;475 55 for the UK females
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Confidence interval

Figure: 95% confidence intervals on qg; 1475 35 for the Japan males
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Confidence interval

Figure: 95% confidence intervals on gy 475 45 for the Japan females

mortalty

0000 0005 0010 0015 0020 0025

mortaity

0010 0015 0020 0025

mortalty

0000 0005 0010 0015 0020 0025

morta
0000 0005 0010 0015 0020 0025

() LR @AW o - - = oo

Variations of the LLHT for modelling cohort mortality rates Simon Fraser University




R

Introduction Models and assumptions Mortality projection

Numerical results

[e] [e]e] 00000000 000000
[e]e]e} 00000 000000
@0000
I I

Errors in pricing
I

Errors in pricing

> A}o:m, éxo;m and P)Io:m are calculated based on the real and predicted
Qx,.1.35 for xo € [40,50] and t € [1961,1975].
» For each xp and t, the relative error is

Xxo :nl

Xxo :l

—1,X={A",4,P'}.

» For each year t, the average relative error of each year t over all xps (11
age groups) are calculated.

» a poorer forecast on a cohort mortality sequence does not necessarily
lead to a higher relative error on premium since

nPxy,t = Pxo,t ** " Pxg+n—1,t+n—1-

u]
o)
I
ul
it
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Errors in pricing

Figure: Average relative errors on Al 5 for the USA males
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Figure: Average relative errors on éXO:@ for the USA males

o
o
S |
S
w0
o
S |
S
NN
2 NN
S AN
< AN
\\
N

2 [T Q{\
S 7| - €BD AN
Sy %

—_— RW \

T T T T T T T
1962 1966 1970 1974
year

o = = = = 9Dac
:

Variations of the LLHT for modelling cohort mortality rates Simon Fraser University




Introduction

Models and assumptions

Mortality projection

Numerical results

o] [e]e) 00000000 000000
000 00000 000000
00080 |
Errors in pricing
:
Figure: Average relative errors on P)‘( 5] for the USA males
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