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Flow of Capital
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Figure: Capital Distribution Curves (Percentage) for the S&P 500
Index of 1997 (Solid Line) and 1999 (Broken Line).
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Log-Log Capital Distribution Curves
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Figure: Capital distribution curves for 1929 (shortest curve) - 1999
(longest curve), every ten years. Source Fernholz(’02).

What kind of models can describe this long-term stability?
a4



A Model of Rankings [Hybrid Atlas model]
» Capital process X := {(Xi(f),...,Xn(t)), 0 <t < o0}.
» Order Statistics:
X(1)(t) > ZX(n)(t); 0<t< 0.

Log capital Y :=log X:
Y(1)(t) > > Y(n)(t); 0<t< 0.
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A Model of Rankings [Hybrid Atlas model]

» Capital process X := {(Xi(t),...,Xn(t)), 0 <t <o0}.
» Order Statistics:

X(1)(t)2-~~>X(n)(t); 0<t< 0.

Log capital Y :=log X:
Y(1)(t) > > Y(n)(t); 0<t< 0.

Dynamics of log capital:

dYiuy(t) = (v +vi+gk)dt+ocd Wi(t) if Yi(t) = Yi(t);
for1 <ik<n,0<t<oo,where W(:) is n—dim. B. M.

company name i | kth ranked company

Drift (“mean”) Vi 9k
Diffusion (“variance”) ok >0

« Banner, Fernholz & Karatzas ('05), Chatterjee & Pal ('07, '09), Pal &
Pitman ('08).
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lllustration (n = 3) of interactions through rank

N,

Time
X3(t)>X4(t)>Xa(1)
Xi(t)>X3(t)>Xa(t) ‘?i
X4(£)>Xa(t)>Xs5(t)
X3 Xz X1

Paths in R, x Time .

xr1 > T9 > X3

xr3 > T1 > T
h
¢

X9 > T1 > X3

xr3 > T2 > X1
9 > T3 >

A path in different wedges of R"




lllustration (n = 3) of interactions through rank

Time (\ P_éj
X3(t)>X4(t)>Xa(t)
X, (02Xs(0X(0) ‘?i
xr3 > T1 > T xr1 > T9 > X3
X4(£)>Xa(t)>Xs(t)
xr3 > T2 > 11 X9 > T1 > X3

X3 Xz X4

A path in different wedges of R"

Paths in R, x Time .

Symmetric group X, of permutations of {1,...,n}
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For n=3,
{(1,2,3),(1,8,2),(2,1,3),(2,3,1),(3,1,2),(3,2,1)} .



Vector Representation

dY(t) = G(Y(t))dt + S(Y(t))dW(t); 0<t<oc

Y ,: symmetric group of permutations of {1,2,..., n}.
For p € ¥, define wedges (chambers)
Rp = {X €R": Xp(1) > Xp(2) = - 2> Xp(n)}, R" = Upes,Rp,
(the inner points of Rp and Ry are disjoint for p # p’ € L),

Q,((i) .= {x € R": x; is ranked kth among (x,...,Xn)}
=Ufp.pk)=i Rp; 1< i, k<n,

U, QY =r" =P, Q)" and Ry = np_, QPN
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Y ,: symmetric group of permutations of {1,2,..., n}.
For p € ¥, define wedges (chambers)
Rp = {X €R": Xp(1) > Xp(2) = - 2> Xp(n)}, R" = Upes,Rp,
(the inner points of Rp and Ry are disjoint for p # p’ € L),

Q,((i) .= {x € R": x; is ranked kth among (x,...,Xn)}
=Ufp.pk)=i Rp; 1< i, k<n,

U, QY =r" =P, Q)" and Ry = np_, QPN

G(Y) = 2pes,(Go—1() 11 + 75 Gp-1(m) + 10 +7) - 1Ry (¥),
S(¥) = 2pes, di@ag(op-1(1y:- - -, 0p-1(m)) Irp(¥): ¥y €R".
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Martingale Problem

Theorem [krylov(71), stroock & Varadhan(79) , Bass & Pardoux(s7)] SUppoOse that the
coefficients G(-) and a(-) := SS'(-) are bounded and mea-
surable, and that a(-) is uniformly positive-definite and piece-
wise constant in each wedge. For each y; € R” there is a
unigue one probability measure P on C([0,0),R") such that
]P)(YO = yo) =1 and

t
f(Yt)—f(Yo)—/O Lf(Ye)ds; 0<t<oo

is a IP local martingale for every f € C?(R?) where

Lf(x) = 3 27— @j(x)Dyf(x) + >y Gi(x)Dif(x); x € R".

This implies that the hybrid Atlas model is well-defined.



Model

Market capitalization X follows Hybrid Atlas model: the log
capitalization Y; = log X; of company /i has

drift v + gk + ~; and volatility oy,

when company i is kranked, i.e., Y € O,((i) for 1 < k,i<n.

d Yi(t) = (7+ng1 (Y(D) +7)dt
k 1

—I—Zaﬂ (H)dWi(t); 0<t<oo.
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k
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k=1 i=1 /=1



Model assumptions

Market capitalization X follows Hybrid Atlas model: the log
capitalization Y; = log X; of company i has

drift v + gk + ~; and volatility oy,

when company i is k'ranked, i.e., Y O,((i) for 1 < k,i<n.
Assume ok >0, (gk,1 <k <n), (yi,1<i<n)and v are
real constants with stability conditions

ng+27/:0, Z(ge+vp(g))<0, k=1,....,n—1, peX,.
k=1 i=1 =1
> 7 =0,1<i<n, g1=--=gh1=-9<0,
ghn=(n—-1)g>0
> vi=1—(2i)/(n+1),1<i<n,
g=-1,k=1,....n—1, gh=n—-1



Model Summary

The log-capitalization Y = log X follows

n
= (7+ng1og>(y(t)) +’Yi)df
+Zak1 Dd Wi(t); 0<t<oo

where o >0, (gk,1 <k <n), (vi,1<i<n)and v are real
constants with stability conditions

k
ng‘FZ'VI_O Zgg—|—’yp(g))<0, k:1,...,n—1,p€Zn.
=1



Stochastic stability
The average Y(-) :=>_", Yi(:)/ n of log-capitalization:

dY(t)=~vdt+ 137 1ak21 1))d Wi(t)

d By (t)

is a Brownian motion with variance rate > y_, 02/n? drift v by
the Dambis-Dubins-Schwartz Theorem.



Stochastic stability
The average Y(-) :=>_", Yi(:)/ n of log-capitalization:

dY(t)=~vdt+ 137 1ak21 1))d Wi(t)

d By(t)

is a Brownian motion with variance rate > y_, 02/n? drift v by
the Dambis-Dubins-Schwartz Theorem.

Proposition Under the assumptions the deviations Y() =
(Yi() = Y(),..., Ya(-) = Y(-)) from the average are stable in
distribution, i.e., there is a unique invariant probability measure
w(+) such that for every bounded, measurable function f we
have the Strong Law of Large Numbers

Tll_rpooT/ f )dt_/f y)udy), as.

where M:={y ¢ R": y; +---+ y, = 0}.
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Average occupation times

Especially taking f(-) = 1x,(-) or 14, (-), we define from
k

the average occupation time of X in Rp or Q,((i)

9/(,2—,[1,( ) = lim T/1 1<k,i<n,

T—o0
since 1z, (Y() = 1=,(X(-)) and 140 (X()) = 140(Y(). By
definition
> 0<0ki=>(pexp(k)—i fp < 1 for 1 < k,i<n,
> 22:1 O,i = Z/:1 Okj =1 for 1 < k,i<n.

What is the invariant distribution p ?



Attainability

» One-dimensional Brownian motion attains the origin
infinitely often.

» Two-dimensional Brownian motion does not attain the
origin.

Does the process X(-) attain the origin?

t
0

t
X(t) = X(0) + /0 b(X(s))d s+ / o (X(s))d W(s)

where b and o are bounded measurable functions.
» Friedman(’74), Bass & Pardoux('87).



Effective Dimension
Let us define effective dimension ED(-) by

2
ED(x) = L e rm (0),

where A(-) = o(-)o(-)'.

Proposition

Suppose X(0) #0.

If infycrm 10y ED(x) > 2, then X(-) does not attain the origin.
If supycrnm 0y ED(X) < 2 and if there is no drift, i.e., b(-) =0,
then X(-) attains the origin.

» Exterior Dirichlet Problem by Meyers and Serrin(’60).
» Removal of drift by Girsanov’s theorem.
» If there is drift, take [trace(A()) + X' bOO] XI12

x'A(x)x

15



Triple collision

Now consider friple collision:
{Xi(t) = Xj(t) = Xi(t) forsomet>0, 1<i<j<k<n}.

What is the probability of triple collision?

Fix i=1,j=2, k=3. Let us define the sum of squared
distances:

S2(x) == (X1 —x2)? + (Xa—Xx3)2 +(x3—x1)? = X'DD'x; x €R",
where (n x 3) matrix D is defined by D := (dj, d, d3) with

di:=(1,-1,0,...,0), db:=(0,1,-1,0,...,0),
ds = (~1,0,1,...,0) .

Z:={xeR":5(x)=0}.



Define the local effective dimension:

R(x) trace(D’'A(x)D) x'DD'x
" xDD'A(x)DD'x

xeR™ Z.

Proposition
Suppose s(X(0)) # 0. If infycgrn z R(x) > 2, then

P(Xi(t) = Xao(t) = X3(t) forsome t > 0) =0.

If supycrnm z R(X) <2 and if there is no drift, i.e., b(-) =0,
then
P(Xi(t) = Xo(t) = Xs(t) forsomet > 0) =1.
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Define the local effective dimension:

R(x) trace(D’'A(x)D) x'DD'x
" xDD'A(x)DD'x

xeR™ Z.

Proposition
Suppose s(X(0)) # 0. If infycgrn z R(x) > 2, then

P(Xi(t) = Xao(t) = X3(t) forsome t > 0) =0.

If supycrnm z R(X) <2 and if there is no drift, i.e., b(-) =0,
then
P(Xi(t) = Xo(t) = Xs(t) forsomet > 0) =1.

» R(-) =2 for n—dim. BM, i.e., A(:) = 1.

» If there is drift, take [”ace(D/Ag(fg%,j\’(‘;?gz)‘fff”'X/DD/X .

Idea of Proof: a comparison with Bessel process with dimension
two.




Rankings

Recall Y1)(:) = Y(2)(-) > -+ = Y(n)(-) . Let us denote by
ARI(t) the local time accumulated at the origin by the
nonnegative semimartingale Y(x(-) — Y(;(-) up totime ¢ for
1<k<j<n.

Theorem|ganner & ahomrasni 07)] FOr @ general class of semimartingale
Y(-), the rankings satisfy

d Yi(t) =) 100 (Y(1))d Yi(t)
s

n k—1
(N DD ansin) = > dnt ()]
=1

I=Kk-+1

where N(t) is the cardinality [{/: Yi(t) = Y(x)(t)}|-




Rankings

Recall Y(1)(:) = Y(2)(*) = -+ = Y(n)(:) . Let us denote by
ARI(t) the local time accumulated at the origin by the
nonnegative semimartingale Y(x(-) — Y(;(-) up to time ¢ for
1<k<j<n.

Lemma Under the non-degeneracy condition o, > 0 for k =
1,...,n,

dY(r(t) = (v+gk+§jm oo (Y(D)) dt+ 0 d Bi(t)

d Akk+T( d Nk—1s k(t)} '

5[
fork=1,...,n,0<t<T.




Rankings

Recall Y(1)(:) = Y(2)(*) = -+ = Y(n)(:) . Let us denote by
ARI(t) the local time accumulated at the origin by the
nonnegative semimartingale Y(x(-) — Y(;(-) up to time ¢ for
1<k<j<n.

Lemma Under the non-degeneracy condition o, > 0 for k =
1,...,n,

Ay (1) = (7 + G+ D911 go (V1)) At + ok d Bi(t)
i=1
n % [d/\k,k+1(t) _ d/\kq,k(t)} '

for k=1,....n, 0<t<T.

Idea of Proof: a comparison with a Bessel process with dimen-
sion one to show AK¢(.) =0, |k — ¢ > 2.




Long-term growth relations

Proposition Under the assumptions we obtain the following
long-term growth relations:

T—o0 T—o0 T

a.s.
T—oo T

Thus the model is coherent:

1 .
lim —Iogu,( T)y=0 as; i=1,...,n

T—oo T

ZQka,iJr%’:O; i=1,....n.

where () = Xi(-)/(X1(-) + - - - + Xa(:)) . Moreover,
k=1

20



n
ngek,iJrW:O; i=1,...,n.
k—1

The log-capitalization Y grows with rate v and follows

t) = (A,/+ng1og)(Y(t)) +7i)df
+Zak1 NdWi(t); 0<t<oo

for i=1,...,n. The ranking (Y(1)(-),- .., Y(n)(-)) follows

n
dYq(t) = (7 + gk + ZWQE‘)(Y(Z‘))) dt+ ok dBy(t)
i=1

5 [ d N1 () — d \k= 1k(t)}'
fork=1,...,n,0<t

21



Semimartingale reflected Brownian motions

The adjacent differences (gaps) =(-) := (Z1(-),- .., =n("))
where =(-) := Y (-) = Y(ke1)(-) for k=1,...,n—1 canbe
seen as a semimartingale reflected Brownian motion (SRBM):

=(1) = Z(0) + ¢(1) + (Il — Q)A(t)
where ((-) == (C1().---. (1)), AL) = (AV2(),. .. . ATTI()),

Z/ (Y(s) dYs)—Z/ o, (Y(9)dY(s)

for k=1,...,n—1,and Q isan (n— 1) x (n— 1) matrix with
elements

bl



0 1/2
12 0 1/2

Q= 1/2

0 1/2
120

Thus the gaps = := Y()(-) — Yk+1)(-) follow

=) ==0)+ ) +{h-2A{I)
~—~ N———

semimartingale reflection part

In order to study the invariant measure ., we apply the theory
of semimartingale reflected Brownian motions developed by
M. Harrison, M. Reiman, R. Williams and others.

In addition to the model assumptions, we assume linearly
growing variances:

2 2_ 2 2 _ _ 2 2
02—01 —0'3—0'2—"'—0',1—0'”_1.

29



Invariant distribution of gaps and index

Let us define the indicator map R" 5 x — p* € ¥, such that
Xpx(1) = Xpx(2) = -+ > Xy(n) » @nd the index process P :=p¥(.

Proposition Under the stability and the linearly growing variance
conditions the invariant distribution v(-) of (=(-),B.) is

n—1 _
V(A x B) = ( 3 H)\;}() 1 3 /exp(—()\p,z))dz
qeTn k=1 pex, /A

for every measurable set A x B where A\p := (Ap1,...,Ap,n—1)
is the vector of components

—4(35_1 Gt + p(o))
UI% + Ul%ﬂ

Proof: an extension from M. Harrison and R. Williams (’87).

24



Average occupation time

Corollary The average occupation times are

n—1 =1
o= (Y T2k ! and 6= S
qeXy k=1 j=1

{peXnp(k)=i}

forpe X, and 1 <k,i<n.
(1,10)

\ (10,10)

o
“Zo
=

> ifall v; =0 and o2 -2 then
Oi=1for1<ki<n.

» Heatmapof 64 ; when n =10, o2 = 1+k, & (k,l)
gk = —1 for K=1,..., 9, g10 =9, and o
n.

vi=1—@i)/(n+1)fori=1,...,
0.15 0®
o> (10,1)

\0.

B\




Market weights come from Pareto type

Corollary The joint invariant distribution of market shares
iy () = Xy (/X () + -+ Xa(): i=1,....n
has the density

@(m17---amn—1)

Y. Ap,1 - Ap,n—1
pen pm;\l’,“r1 ) m;‘p,2*>‘py1+1 ...mApvq—ﬁ)‘p,n—z“m;/\p,n—1+1 ’
n n—

O<mp<mp_1<...<m <1,
mp=1-—-mqy—---—mp_4.

This is a distribution of ratios of Pareto type disribution.
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Expected capital distribution curves

From the expected slopes E”[%] = —% we
obtain expected capital distribution curves.

Rank Rank
ri 5 10 50 100 5001000 5( ri 5 10 50 100 5001000 5
> n=5000,gn=ci(2n—1),0=0,1<k<n—1,v=—C,vi=-20,2<i<n, o8 =

0.075 + 6k x 107% 1 < k < n. () cx = 0.02, (ii) ¢« = 0.03, (iii) c, = 0.04.
> (iv) c, =0.02, gy = —0.016, g =0,2< k< n—1,gn = (0.02)(2n — 1) + 0.016,
> (V) gi=--=gs=—-0.016, g =0,51 < k<n—1, gy=(0.02)(2n — 1) +0.8.
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Empirical data

T L T T
1 5 10 505 1000 5000

Rank

Historical capital distribution
curves. Data 1929-1999.

T T
50 100

Source: Fernholz ('02)

Variance Rate

0 1000

Growing variances.

1999.
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Capital Stocks and Portfolio Rules
» Market X = ((Xi(t),..., Xn(t)),t > 0) of n companies

log x(( / Gi(t) dt+/ Zs,-,y(t)dwy(t)
=1

with initial capital X;(0) =x; >0, i=1,...,n, 0< T < 0.
Define a;(-) =>"1_; Siu(-)S;(-) and A,, = [yaj(t)dt.

29



Capital Stocks and Portfolio Rules
» Market X = ((Xi(t),..., Xn(t)),t > 0) of n companies

Xi(T) .
09 %59 / Gi(t) dt+/ zs,y(t)dW,,(t)

with initial capital X;(0) =x; >0, i=1,...,n, 0< T < 0.
Define a;(-) =>"1_; Siu(-)S;(-) and A,, = [yaj(t)dt.

» Long only Portfolio rule 7 and its wealth V™.
Choosem ¢ AT :={xecR": > x;=1, x>0}
invest m; V™ of money to company ifori=1,...,n,i.e.,
i V™ / X; share of company /:
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Capital Stocks and Portfolio Rules
» Market X = ((Xi(t),..., Xn(t)),t > 0) of n companies

Xi(T) .
09 %59 / Gi(t) dt+/ zs,y(t)dW,,(t)

with initial capital X;(0) =x; >0, i=1,...,n, 0< T < 0.
Define a;(-) =>"1_; Siu(-)S;(-) and A,, = [yaj(t)dt.

» Long only Portfolio rule 7 and its wealth V™.
Choosem ¢ AT :={xecR": > x;=1, x>0}
invest m; V™ of money to company ifori=1,...,n,i.e.,
i V™ / X; share of company /:

n

dv™(t) = 2 Wd)(,-(t), 0<t< oo,

VT(0)=w.

29



Portfolios and Relative Arbitrage

» Market portfolio: Take
7(t) = m(t) = (mq(t), -~ ,mp(t)) € A} where

Xi(t)

m;(t) = Xt Xo(D)

i=1,....,n, 0<t< .
» Diversity weighted portfolio: Given p € [0, 1], take

i(1))P .
w;(t):% fori=1,....n, 0<t< 0.

» Functionally generated portfolio (Fernholz ('02) & Karatzas
('08)).

» A portfolio 7 represents an arbitrage opportunity relative
to another portfolio p on [0, T], if

P(V™(T) > VP(T))=1, P(V™(T)> VP(T))>0.

20



Portfolios and Relative Arbitrage

» Market portfolio: Take
7(t) = m(t) = (mq(t), -~ ,mp(t)) € A} where

Xi(t)

m;(t) = Xt Xo(D)

i=1,....,n, 0<t< .
» Diversity weighted portfolio: Given p € [0, 1], take

i(1))P .
w;(t):% fori=1,....n, 0<t< 0.

» Functionally generated portfolio (Fernholz ('02) & Karatzas
('08)).

» A portfolio = represents an arbitrage opportunity relative
to another portfolio p on [0, T], if

P(V™(T) > VP(T))=1, P(V™(T)> VP(T))>0.

Can we find an arbitrage opportunity = relative to m ?

20




Constant-portfolio

For a constant-proportion 7(:) =7,

V7 (t) = w-exp [im-{Az( )

i=1 ij=1

for 0 <t<oo.
Here Aj(-) = [y aj(t)dt and a;(-) =371 Si(-)Si(:),

dY(t)= GY(t)dt+ S(Y(t)dW(t); 0<t<oo,

()53 mason)

G(Y) = 2pes,(Gp—1(1) T 11+ %, Gp—t1(n) T 90 +7) - 1Ry (¥)

S(Y) = 2pes, di@ag(op-1(1ys- -+, 0p-1(m) Irp(¥): ¥ €R".

Sp
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Target Portfolio(Cover(’91) & Jamshidian('92))

)= wom| Sl %50 sea (5(3)} 5 3 ]

i=1
Target Portfolio M*(t) maximizes the wealth V™ (t) for t > O:

V(1) := max V7(t), M*(t):=argmax V" (t),
TEAT TeEAT

where by Lagrange method we obtain

(1) = (24 f)ZA ) [‘”‘ngj(t)"’g())g((é)))]




Asymptotic Target Portfolio

Under the hybrid Atlas model with the assumptions

n
() = Jim Tlog V~(T) = Zmu )
i=1

V70

where ( )1<i<n is the (| i) element of

Asymptotic target portfolio maximizes the excess growth ~°:

n
7 := arg max Z miag Z ﬂiaﬁom) )
7T€A —

21



Asymptotic Target Portfolio

Under the hybrid Atlas model with the assumptions

n
() = Jim Tlog V~(T) = Zmu )
i=1

V70

where ( )1<i<n is the (| i) element of

Asymptotic target portfolio maximizes the excess growth ~°:

n n
7 := arg max Z i — Z AT .
TeA] i1 —

We obtain
ﬁ,:%[1 - na;Z(Z;o)1] — lim Nt); i=1,....n.

t—oo




Universal Portfolio(Cover(’91) & Jamshidian('92))

Universal portfolio is defined as

n T dr ~ n lolix
i) = f? vv<() Asicn, vig - e TOT
An

24



Universal Portfolio(Cover(’91) & Jamshidian('92))

Universal portfolio is defined as

. ,,7r,V()d7T _ n )dm
ni(-) == ffAAV( ,1<i<n, Vn(')_fAfAnmr‘

Proposition Under the hybrid Atlas model with the model
assumptions,

n
Jn 09 2(7) = im0 V)

=0 P-as.

24



Conclusion

» Ergodic properties of Hybrid Atlas model

» Diversity weighted portfolio, Target portfolio, Universal
portfolio.

» Further topics: short term arbitrage, generalized portfolio
generating function, large market (n — o), numéraire
portfolio, data implementation.
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